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The effect of  shear thinning on the stability of the Taylor-
Couette flow (TCF) is explored for a Carreau-Bird fluid 
in the narrow-gap limit to simulate journal bearings in 
general. Also considered is the changing eccentricity to 
cover a wide range of applied situations such as bearings 
and even articulation of human joints. Here, a low-order 
dynamical system is obtained from the conservation of 
mass and momentum equations. In comparison with the 
Newtonian system, the present equations include 
additional nonlinear coupling in the velocity components 
through the viscosity. It is found that the critical Taylor 
number, corresponding to the loss of stability of the base 
(Couette) flow becomes lower s the shear-thinning effect 
increases. Similar to Newtonian fluids, there is an 
exchange of stability between the Couette and Taylor 
vortex flows. However, unlike the Newtonian model, the 
Taylor vortex cellular structure loses its stability in turn as 
the Taylor number reaches a critical value. At this point, 
A Hopf bifurcation emerges, which exists only for shear-
thinning fluids. Variation of stresses in the narrow gap has 
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1.  Introduction 
 
Shear thinning is an inherent property of polymeric fluids 
used in materials processing. It is not realistic to assume 
that the changing viscosity, which is directly related to the 
rate of strain, be constant as in the Newtonian case. 
However, the presence of a rate-of-strain dependent 
viscosity gives rise to additional nonlinearities (in 
addition to inertia) and coupling among the flow 
variables.  
Similar to any flow in the transition regime, the 
TCF of non-Newtonian fluids involves a continuous range 
of excited spatio-temporal scales. In order to assess the 
effect of the smaller length scales on the flow, a high : https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of  
resolution of the flow field is needed. It is by now well 
established that low-order dynamical systems can be a 
viable alternative to conventional numerical methods in 
the weakly nonlinear range of flow [1]. Despite the severe 
degree of truncation in the formulation of these models, 
some of the basic qualitative elements of the onset of 
Taylor vortices and destabilization of the cellular 
structure have been recovered using low-order dynamical 
systems.  
Kuhlmann [2] examined the stationary and time-
periodic Taylor vortex flow (TVF), in arbitrary gap width, 
respectively, with the inner cylinder rotating at a constant 
and harmonically modulated angular velocity. The 
solution to the full Navier-Stokes equations was obtained 
by implementing a finite-difference scheme, and an 
approximate approach based on the Galerkin 
representation. Comparison of flows based on the two 
methods led to good agreement. A severe truncation level 
was used, leading to a three-dimensional system, which 
turned out to be the Lorenz system with the Prandtl 
number equal to unity. In this case, the model cannot 
predict the destabilization of the Taylor vortices, and 
therefore cannot account for the onset of chaotic behavior.  
Although dynamical systems have been mainly 
formulated for Newtonian fluids [2], they have recently 
been applied to non-Newtonian fluids [3]. Despite the 
severe level of truncation, the low-order dynamical 
system approach yielded a good agreement with 
experiments in some cases, such the TCF of highly elastic 
polymeric solutions, often designated as Boger fluids [4]. 
Experiments with Newtonian and Boger fluids for 
changing eccentricities were also reported [5].     
The finite amplitude elastic overstability (in the 
absence of inertia), which is usually observed in 
experiment [6], was accurately predicted for 
axisymmetric TVF of the Boger fluids [6] in the narrow-
gap limit. The model predicts, as experiment suggests, the 
onset of overstability, the growth of oscillation amplitude 
of flow and the emergence of higher harmonics in the 
power spectrum as fluid elasticity increases beyond a 
critical level. Also good agreement was obtained upon 
comparison with the exact results from linear stability 
analysis [7].  1 Copyright © 2006 by ASME
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TVF is examined by adopting a low-order nonlinear 
dynamical system approach isolating elastic effects. 
Although the present study uses the Carreau-Bird model 
[6] for the viscosity dependence on the rate of strain, and 
thus is primarily concerned with high-molecular-weight 
fluids, it is also of relevance to shear-thinning fluids in 
general, even for some simple (monatomic) fluids.  
The reader is referred to the review by Larson [8] 
for a general overview of viscoelastic instability. To our 
knowledge, there has been no experimental evidence of 
the existence of (deterministic) chaos for shear-thinning 
fluids similarly to Newtonian fluids. The study, however, 
is not so much concerned with the emergence of shear-
thinning overstability, as it focuses more on the interplay 
between inertia and shear thinning, and therefore on the 
departure from Newtonian behavior. The critical Taylor 
number at the onset of the Taylor vortex cellular structure 
is expected to be lower than that for a Newtonian fluid as 
a result of the decrease in viscous effects. One also 
expects, similarly to Newtonian flow [2], that two steady-
state branches emerge at the onset of a supercritical 
bifurcation at a critical Taylor number that depends on 
shear thinning. Here , however, these branches lose their 
stability (for instance, via a Hopf bifurcation) as the 
Taylor number exceeds another critical value as a result 
of shear thinning. Recall that the Newtonian model [2] 
cannot predict the destabilization of the Taylor vortex 
flow.  
In the present paper, a similar level of truncation 
as in [3] (as rightfully justified there) is adopted in the 
Fourier representation for the flow field. The choice of a 
suitable constitutive model is crucial here, since the initial 
objective is to highlight the fundamental role a shear-
dependent viscosity may play in the stability of the flow. 
 
 
2.  Problem Formulation 
 
2.1 Governing Equations  
 
The governing equations for a weakly shear-thinning fluid 
are first derived in the narrow-gap limit. Consider the 
flow of an incompressible shear-thinning fluid between 
two infinite, coaxial cylinders of inner and outer radii R1 
and R2, respectively. The inner cylinder is assumed to 
rotate at a constant angular velocity, Ω. The outer cylinder 
is assumed to be at rest. In this case, the flow is governed 
by the following conservation of mass and linear 
momentum equations for an incompressible fluid: 
 
0=⋅∇ U ,     (1) 
 
( ) ( )Γ&µρ ⋅∇+−∇=∇⋅+ P,T UUU ,   (2) 
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( )ZR U,U,U Θ T is the velocity vector in the cylindrical 
polar coordinates ( )Z,,RΘ , with Z taken along the 
common cylinder axis, P is the pressure, µ is the shear-
rate dependent viscosity, ρ is the density, T is the time, ∇ 
is the three-dimensional gradient operator, and 
( )TUU ∇+∇=Γ&  is the rate-of-strain tensor. The fluid is 
assumed to have a zero-shear-rate viscosity µ0. In this 
study, only axisymmetric flow is considered. Next, 
dimensionless parameters are introduced. Next, the 
Circular Couette Flow (CCF) is examined as the only 
base flow. In the narrow-gap limit, the corresponding 
velocity components ( )0z0y0x u,u,u T and pressure p0, are 
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in which Ta is defined in terms of the Reynolds number, 
Re, and the gap-to-radius ratio, ε:  
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In this work, the Carreau-Bird model is adopted, more 
particularly for weakly shear-thinning fluids (with small 
time constant). A major advantage of this model over 
other models, such as the power-law model, is that 
Newton’s law of viscosity [11] is recovered in the limit of 
zero shear rate [3]. The summarized Carreau-Bird 
viscosity model can be written in dimensionless form: 
 
21)( γαγη && +=      (5) 
 
where γ&  is the magnitude of the dimensionless rate-of-
strain tensor and α is defined as the effect of shear 
thinning clearly a function of the ratio of the zero- to 
infinite-shear-rate viscosities, Deborah number and 
power-law exponent.  In this study, it is assumed that Ta 
= O(1). The parameter α (negative for shear-thinning 
fluids) is assumed to be small. In the limit α → 0, one 
recovers the expression for the Newtonian viscosity.  
The explicit expressions for η0 and η’ will be 
given shortly. Using Eqs. (3), (4) (5), and neglecting 
terms of O(ε), Eqs. (1) and (2) reduce to the following 
form in the narrow-gap limit: 
 
0uu z,zx,x =+      (6a) 
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where, for simplicity, the primes are dropped. 
 
2.2 Galerkin projection and the dynamical system 
The Galerkin projection method consists of expanding the 
velocity and pressure in terms of orthogonal functions of 
x and z, and project Eqs. (6) onto each mode of expansion 
to generate a set of ordinary differential that govern the 
time-dependent expansion coefficients. The low order of 
mode taken here is well justified in [3] using linear 
stability analysis. The general solution for the 
axisymmetric TVF can be decomposed into sine and 
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where k is the wavenumber. Upon applying Galerkin 
approach, scaling most prominent modes and some 
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where a dot denotes total differentiation with respect to 
time, and τπ24b= . For convenience here, we have 
introduced the reduced Taylor number, r, which will be 
used later as a control parameter for the stability analysis: 
 
23kTar τ=      (9)
    
 
The analysis of the solution of Eqs. (8) is our main 
objective. In the limit α → 0, Eqs. (8) reduce to the 
Newtonian form [3], which corresponds to the Lorenz 
system with the Prandtl number set equal to one. 
Compared to the Newtonian system, Eqs. (8) are highly 
nonlinear. In addition to the usual nonlinearities stemming 
from inertia effects, there are nonlinearities stemming 
from shear-thinning effects.  
 
3.  Bifurcation and Stability Analysis 
 
In this section, we obtain the steady-state solution(s) of 
Eqs. (8). Some of these solution branches correspond to 
purely circular (Couette) flow, and other branches 
correspond to toroidal (Taylor-vortex) flow. The stability 
of both the CCF and TVF is examined by exploring some 
of the fundamental differences between Newtonian and 
shear-thinning fluids. In comparison with the Newtonian 
system, the presence of the nonlinear terms resulting form 
shear thinning leads to additional complexity from both 
the mathematical and physical points of view. Expectedly, 
for very small values of α, similar behavior is obtained 
for Newtonian and non-Newtonian fluids. 
 
3.1 Stability of the base flow 
 
The stability analysis for a shear-thinning fluid is carried 
out around the CCF (origin in phase space). The analysis 
is based on the linearization of Eqs. (8), and is similar to 
the analysis based on the Newtonian equations [2]. Again 3 Copyright © 2006 by ASME
se: http://www.asme.org/about-asme/terms-of-use
Downloadreferring to [3], it is mainly deduced that shear thinning 
tends to precipitate the onset of axisymmetric Taylor 
vortices at any value of the wavenumber in the axial 
direction. For the case α = - 1(minimum of α) the 
Rayleigh stability picture for an inviscid fluid is 
recovered.. The recovery of the limit of zero critical 
Taylor number must of course be interpreted with caution 
as the limit α = - 1 is not within the range of validity of 
the present theory. 
 
3.2 Steady-state solutions and bifurcation diagrams  
 
As in the Newtonian equations, a trivial solution of Eqs. 
(8) exists, which corresponds to the CCF or the origin in 
phase space: 
 
0),r(w),r(v),r(u sss === ααα    (10)
    
In the limit α → 0, the non-trivial steady-state solution 
branches for a Newtonian fluid are given by: 
 









= .   
 
For shear-thinning fluids, similar non-trivial, steady-state 
solution branches exist, but they cannot be obtained 
analytically. These two sets of branches will be denoted 
by C1 and C2. In order to determine the steady-state 
branches of u, v, and w in Eqs. (8), a modified Newton-
Raphson method is used (IMSL-DNEQNJ), with the 
Jacobian of the system being provided. However, despite 
the robustness of the Newton-Raphson method, and the 
fact that the nonlinearities involved in the algebraic 
equations are only polynomials, the bifurcation branches 
were generated using proper initial guess. Then a sixth-
order Runge-Kutta algorithm (IMSL-DIVERK). Note that 
the starting point (obtained using the Newton-Raphson 
method) at r = rini, is usually difficult to obtain near the 
critical point, and it is typically evaluated far ahead, for 
rini > rc.  
The steady-state branches us, vs, and ws for α ∈ 
[- 0.1, 0.0] and k = 6 are plotted as functions of r, and are 
shown in Figs. 1, 2, and 3, respectively. It can be seen 
from Fig. 1 that, in general, the origin (in phase space) 
remains the only steady-state solution of Eqs. (8) until r 
reaches a critical value, rc, which is equal to one for the 
Newtonian case. At this point, two additional fixed 
branches, C1 and C2, emerge, which correspond to the 
onset of Taylor vortices. More specifically, a supercritical 
bifurcation is observed at the critical point.  
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Fig. 1 Influence of shear thinning on TVF. Bifurcation 





Fig. 2 Influence of shear thinning on TVF. Bifurcation 
diagrams for v = vs vs  r for  - 0.1 ≤ α ≤ 0 (k = 6).  
 
Since each bifurcation diagram is symmetric, only one set 
of solution branches (C1) is shown. As α decreases from 
zero, rc takes on lower values. Shear thinning tends to 
accelerate the flow in the (x, z) plane near the onset of 
TVF. For the higher range of r values, shear thinning 
tends to slow the flow down. Regarding the (deviation) 
flow in the azimuthal direction, similar observations apply 
to vs(r, α), which is related to )t(v̂11  However, ws(r, α), 
which is related to )(ˆ20 tv , increases with both inertia and 
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Fig. 3 Influence of shear thinning on TVF. Bifurcation 
diagrams for w = ws vs r for  - 0.1 ≤ α ≤ 0 (k = 6).  
 
3.3 Stability of the Taylor vortex flow 
 
Consider next the stability of the steady-state branches C1 
and C2 as r is increased beyond rc. For a Newtonian fluid, 
linearization of Eqs. (7) around the steady-state branches 
leads to the following characteristic equation: 
 
0)1(2)1()2( 23 =−+++++ rbrbb λλλ  (12)
     
 
The roots of Eq. (12) have a real part that remains 
negative for any value of r. Thus, for r > rc, the three-
dimensional Newtonian model cannot predict any 
destabilization of the TVF. 
Linear stability analysis around the C1 and C2 branches 
for a shear-thinning fluid leads to a cubic characteristic 
equation similar to Eq. (12). However, the coefficients in 
this case are not available analytically. Computations 
show that these branches are linearly stable for r > rc near 
rc. In a typical case of α = - 0.075 and k = 6, the linear 
stability is lost to an inverse Hopf bifurcation at rh1 = 
34.8. At this point, only an aperiodic solution exists in the 
form of a strange attractor [2]. This situation holds as long 
as α remains close to zero. The bifurcation picture is 
therefore shown schematically in Fig. 4. At some point rh2 
= 12.5, the inverse Hopf bifurcation branches intersect the 
r axis. Here, in the range r ∈ [1, 12.5], C1 and C2 are 
globally stable; for any initial perturbation, the solution 
converges to these branches. In the range r ∈ [12.5, 34.8], 
the solutions will converge to C1 and C2 only if the initial 
perturbation is not too large; the branches are locally 
stable. In this range, if the perturbation is too large, a 
chaotic solution results. Thus, rh2 is determined 
numerically, and it corresponds to the point where C1 and 
C2 lose their global (to only local) stability. Note that the 
dashed lines illustrating the amplitude of the inverse 
bifurcation in the Fig. 4 are only sketched and not 
accurately determined. Beyond r = 34.8, stability is not oaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Uachieved although there is some order within the chaos 






Fig. 4  Stability picture for a shear thinning fluid for α = - 
0.075 and k = 6. Stable and unstable branches are drawn 
using solid and dashed lines, respectively.  
 
4. Nonlinear dynamical behavior 
 
While the analysis above determines the conditions for 
instability of the steady-state branches, the full nonlinear 
behavior can only be understood when the numerical 
solution of Eqs. (8) is obtained. The time-dependent 
evolution of flow is carried out in [3] using a sixth-order 
Runge-Kutta scheme (IMSL-DIVERK). The solution 
clearly depends on the initial conditions assumed. 
Regardless of these conditions, however, the long-term 
behavior will be essentially the same, indicating that the 
solution branch is unique, at least for the range of 
parameters covered. Therefore stability picture (Fig. 4) 
will remain most informative. Analyzing the total range 
of r values, typical chaotic behavior i.e. transition to 
chaos is similar to that leading to the Lorenz attractor. In 
general, the transition is through three well-established 
routes to chaos, namely, via period doubling, 
quasiperiodicity, or intermittency [1]. In brief it can be 
said that i) the exchange of stability between the CCF and 
the TVF via a supercritical bifurcation as r exceeds rc, ii) 
the emergence of a homoclinic bifurcation, iii) the 
destabilization of the (steady) TVF through a Hopf 
bifurcation, and iv) the onset of chaos, constitute a 
sequence of behaviors typically predicted by low-order 
nonlinear dynamical systems [1]. The effect of shear 
thinning is to lower the Taylor number for the onset of the 
bifurcations. The difference in dynamics will, however, 
become more evident as inertia is increased.  5 Copyright © 2006 by ASME
se: http://www.asme.org/about-asme/terms-of-use
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5. Concluding remarks 
 
Although results based on low-order dynamical systems 
are generally interesting as they exhibit complex 
nonlinear flow behavior, there is always the compelling 
question as to their practical significance and physical 
relevance. To our knowledge, there is no experiment that 
explores directly the influence of shear thinning on the 
stability of TCF. In practice, it is difficult to isolate the 
effects of shear thinning from those of elasticity during 
the flow of a polymeric fluid [9, 20, 21]. However, since 
the present formulation is based on a truncation level 
similar to the one that led previously to good agreement 
with experiment for the TCF of non-shear-thinning 
viscoelastic fluids [4], the present results may be of 
practical significance. The proposed theory is expected to 
hold in the linear range, and not far beyond the critical 
point, i.e., after the toroidal vortex flow emerges. More 
importantly, the reported formulation and results clearly 
show the emergence of interesting dynamics that is 
completely absent in the Taylor-Couette flow of 
Newtonian fluids, and which is solely shear-thinning 
induced.  
In conclusion, the severity of truncation involved 
renders the present model quite crude but allows the 
examination of the nonlinear range where a more realistic 
(numerical) approach would face difficulties. 
Furthermore, from a mathematical point of view, the 
presence of shear thinning leads to additional cubic 
nonlinearities in the dynamical system, which in turn give 
rise to a Hopf bifurcation otherwise nonexistent in the 
case of a Newtonian fluid. Numerical calculations based 
on the current formulation show that shear thinning tends 
to precipitate the onset of Taylor vortices and chaos at 
higher Taylor numbers. The current model also predicts 
the complete destabilization of the Couette flow in the 
limit of high shear thinning, in accordance with the 
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